CONJURA - OPEN PROBLEM

Constant completeness error rather than 1/n

Status. Statement: Al-written from Boaz Barak, Pravesh K. Kothari, David
Steurer, Quantum entanglement, sum of squares, and the log rank conjecture,
arXiv preprint (quant-ph), ve submitted g July 2017, not yet checked by
a human. The perfect-completeness case ¢ = 1 and the near-perfect case
¢ =1—1/n are settled by the source (Theorem 1.3 together with Remarks
1.4 and 4.3); the case of a constant ¢ strictly below 1 — the case asserted
here — is open, and the paper lists it first among the open questions of its
Section 8 and conjectures the affirmative answer.

Category. Quantum.

Conjecture (informal). Given a quantum measurement on a pair
of subsystems, deciding whether some non-entangled state passes it is
not known to be doable faster than trying essentially everything, which
costs exponential time in the dimension. This paper gives the first
improvement: an algorithm running in time roughly two to the square
root of the dimension, but only in the case where the yes-instances
are perfect, meaning that some non-entangled state is accepted with
probability exactly one. The authors observe that their proof also
tolerates a completeness error of one over the dimension, and no more,
because the rank one matrix their rounding procedure produces is
only guaranteed to have norm about the square root of the dimension
divided by the dimension, so anything larger than a roughly one-
over-the-dimension error swamps it. They conjecture that the result
nevertheless holds with a constant completeness error: for any two
constants with the first strictly larger than the second and strictly
below one, distinguishing the case that some non-entangled state is
accepted with probability at least the first from the case that every
non-entangled state is accepted with probability at most the second
should also be possible in time two to roughly the square root of the
dimension.



1 The setting

Deciding whether a given quantum state is entangled is not known
to be doable in time polynomial in the dimension, and the robust
version, the Quantum Separability Problem, is NP hard for inverse-
polynomial & by Gharibian [ ], improving on Gurvits [ I
The closely related Best Separable State problem BSS, asks to
distinguish the case that some separable state is accepted by a given
measurement with probability at least ¢ from the case that every
separable state is accepted with probability at most s. Certifying the
NO case makes the measurement an entanglement witness, which is
how entanglement is certified experimentally.

BSS is NP hard when ¢ —s = 1/poly(n) [ , ], and Har-
row and Montanaro [ | show that under the Exponential Time
Hypothesis there is no 2°(1°¢™) time algorithm for BSS; /9. The prob-
lem is the algorithmic face of the complexity class QMA(2): an algo-
rithm for BSS,; decides languages in QMA(2) with completeness ¢
and soundness s, so a quasi-polynomial time algorithm for BSSy 99 5
would give QMA(2) € EXP. Doherty, Parrilo and Spedalieri [ ]
proposed a sum-of-squares algorithm; it is not known whether it
solves BSS,; for constants ¢ > s in quasi-polynomial time, though
Brandao, Christandl and Yard [ ] showed quasi-polynomial
time for the restricted class of 1-LOCC measurements, and Brandao
and Harrow | | obtained comparable performance by an e-net
search. Aaronson, Impagliazzo and Moshkovitz | ] suggested
that BSS, for constants s < ¢ might admit a quasi-polynomial time
algorithm.

This paper gives the first improvement over brute force for
general measurements: a 20(¥n) time algorithm, based on 0(\/n)
rounds of the sum-of-squares hierarchy, for BSS; ; for every constant
s < 1. The completeness side is perfect: the analysis runs the
sum-of-squares program with the hard constraint that the rank one
matrix uo" lie exactly in the eigenspace ‘W of M for eigenvalue 1.
Remark 4.3 of the paper records the slack the argument has, and
supplies the numbers: the proof would still go through if #v™ merely
had small component orthogonal to W, the rounding guarantees
that the output rank one matrix uov(;r has norm at least £/n with £ =
0(+/n), and it therefore suffices that ||TTyuo || > 1-k%/n* — which
is what yields the near-perfect completeness case ¢ =1 —1/n. The



remark is framed there as an extension, not as a barrier. Comparing
its numbers with the conjecture is our own inference, not a claim
the paper makes: a tolerable completeness error of order £2/n?,
that is O(1/n), falls short of a constant error by a factor of order
n, and we are not aware of anything in the published analysis that
closes that gap. Section 8 lists removing the perfect or near-perfect
completeness condition first among the questions the paper leaves
open.

Why it matters. The version of Best Separable State that bears
on quantum complexity and on practice is the two-sided-error one,
where the accepting separable state is only required to pass with
probability bounded away from one by a constant: perfect complete-
ness is a fragile promise, and the motivation the paper itself gives
for studying BSS — noisy, experimentally realizable measurements
used as entanglement witnesses — lives in the constant-error regime.
Settling this in the affirmative would give the first subexponential
algorithm for constant-gap BSS, that is for QMA(2) with two-sided
error, which is precisely the regime in which a quasi-polynomial
algorithm would give QMA(2) € EXP. Settling it in the negative
would be more striking still, since it would separate the constant-
completeness problem from the perfect-completeness one and show
that the 20(V®) algorithm depends essentially on an exact algebraic
promise rather than on the geometry of the separable cone.

Progress to date. The paper proves the case ¢ = 1 (Theorem 1.3)
and states in Remark 1.4 that all the proofs extend to near perfect
completeness, ¢ = 1 — 1/n. Remark 4.3 supplies the quantitative
reason: the analysis of Theorem 4.1 guarantees that the rounded
rank one matrix has norm at least £/ with £ = 0(+/n), so it suffices
that the projection of u2™ onto W have squared norm at least
1 - k%/n?%, a completeness error of order 0(1/n). Nothing in the
paper closes the remaining factor of order z up to a constant error,
and no partial result at any intermediate completeness error, such
as 1/polylog(n) or 1/n%9, is reported.

2 Notation and parameters
* n € N is the local dimension; the joint system has dimension
m = n2, and C" is identified with C* ® C" by identifying
the vector indexed by [z] X [n] with the z X » matrix of its



coordinates. Brute force over the separable states costs 20",

» For u € C*, u* denotes the conjugate transpose; for Hermitian
A,B, A = B means B — 4 is positive semidefinite; / is the
identity matrix.

¢ Tr denotes the trace.

* ¢ and s are the completeness and soundness thresholds, 0 <
s < ¢ < 1, both constants independent of n. The paper proves
the case ¢ =1 and extends to ¢ = 1 —1/n; the conjecture is
the case where ¢ is a constant strictly below 1.

e C = C(c,s) is the constant hidden in the running time 90(Vm),
it may depend on ¢ and s but not on z or M.

3 The conjecture

Definition 1 (Quantum state). A guantum state on a system
of m elementary states is an m X m complex Hermitian positive
semidefinite matrix p with Trp = 1. It is pure if p = ww” for a
unit vector w € C™.

Definition 2 (Measurement operator). A measurement oper-
ator on a system of m elementary states is an m X m complex
Hermitian matrix M with 0 < M < I. The probability that M
accepts a state p is Tr(pM).

Definition 3 (Separable state). Take m = n? and identify [m]
with [n] X [n] as above. A pure state p = ww" on C™ is separable
if the vector w € C™, viewed as an z X n matrix, equals uv* for
some u,v € C". A general state p is separable if it is a convex
combination of separable pure states, that is p = E (u0*) (u0*)*
for some distribution over pairs of unit vectors u,v € C". A
state that is not separable is entangled.

Definition 4 (The promise problem BSS ;). Let 0 < s < ¢ <
1. An instance of BSS,; is an n? x n? measurement operator



M. It is a YES instance if there exists a separable state p on

state p on C"* satisfies Tr(pM) < s. Instances that are neither
carry no promise.

C" with Tr(pM) > ¢, and a NO instance if every separable

Conjecture 1 (subexponential BSS with constant complete-
ness error). For all constants ¢,s with 0 < s < ¢ < 1 there exist
a finite constant C = C(c,s) and a randomized algorithm A with
the following property. On input an n* x n® measurement operator
M (Definition 2), the algorithm A halts after at most

9 C (log n)°

steps and decides the promise problem BSS, ; of Definition 4: it outputs
YES with probability at least 2/3 whenever there exists a separable
state p on c" with Tr(pM) = ¢, and outputs NO with probability at
least 2/3 whenever every separable state p on cr satisfies Tr(p M) <
s. (Its output is unconsirained on inputs satisfying neither condition.)
Here the entries of M are given as complex numbers with rational real
and imaginary parts of bit length at most poly(n) — an encoding
fixed here for definiteness, not a condition taken from the paper, which
specifies none.

Remark 1 (why randomized). The paper’s own algorithm is ran-
domized: its Lemma 7.1 locates the reweighting direction by showing
that a random unit vector succeeds with probability 27%%), and
no derandomization is given. Since Remark 1.4 conjectures that
the paper’s results extend, a randomized 2°(V*) algorithm should
suffice to settle Conjecture 1, and the statement is written to allow
one; a deterministic algorithm settles it a fortiori.

Remark 2 (the quantifier over ¢ and s). The paper writes of “the
setting where in the YES case Tr(pM) = 1 — ¢ for some absolute
constant £”, which read literally is an existential over £. Conjecture

states the universal form, for all constants 0 < s < ¢ < 1, on the
grounds that Remark 1.4 frames the question as whether the paper’s
results extend and that Theorem 1.3, the result being extended,
is universally quantified over the soundness parameter; a single



unspecified £ would be an odd thing to conjecture. A reviewer who
prefers the weaker existential reading should say so.

Remark 3 (algorithmic versus sum-of-squares form). What the
paper conjectures is that its own proofs extend, which is formally

stronger than the existence of some 20(Vn) algorithm: it asserts that
the specific sum-of-squares algorithm of its Section 4, with 0(+\/n)
rounds, works. Stated above is the algorithmic consequence, since
pinning down “the same algorithm” would require reproducing the
paper’s program. A solver who wants to match the paper exactly
should aim at the sum-of-squares version.
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